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Abstract The simplest deep learning models for functions are compositions of non-
linear activation functions applied to affine linear functions. The Universal Approx-
imation Theorem for Neural Networks implies that any Borel measurable function
can be approximated using this class of models.This powerful class of functions
is proving to be remarkably useful and underpins the explosion of artificial intelli-
gence applications. Mathematically one is seeking a representation computed by a
composition of all but the final function that accurately predicts the function values
by the final linear function. In this paper we mathematically analyze a simple, but
general two-layer model where the first layer function represents the data by apply-
ing the biased projections of the data onto a single vector generic for the training
data set.The Relu activation function ensures that the solution for the the second
layer solution may easily be computed exactly by solving an upper triangular ma-
trix. This model gives us a huge family of models which exactly interpolate the
training data. We can minimize the generalization error for a sample over this fam-
ily and minimize the average generalization error for a set of ‘leave out k samples’ .
Properties of the model are proved exploiting the geometry of the model parameters
and data. A number of current research questions can be answered for this simple
model. The model exploits recent theoretical research shown to be effective: adap-
tation of the architecture to the data, positive homogeneity, parallel architectures,
unbounded width, zero training error, and data dependent kernels. The paper does
not assume deep learning knowledge and the proofs are self-contained.

1 Introduction

Deep learning models have proven to be very effective for efficiently learning func-
tions on important types of real world data, for example: [19] [24], [30]. Typically,
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models are efficiently identified by stochastic gradient in the huge space of param-
eters defining the models using large, but relatively smaller training sets. The most
basic models are compositions of nonlinear activation functions applied to affine
linear functions. There is a vast research literature. Some excellent overviews and
references are given in [15] [32] [1] [2].

Research questions include:

• Which models are reachable via gradient descent? Which models have op-
timal optimal training error? What are geometric characterizations of their
parameter loci in the parameter space (the loss landscape)?

• How does the empirical generalizability vary among optimal and reachable
models? What properties improve optimization and generalization? What
predictions about generalizability can be made using data and label depen-
dent properties?

• What are the learning properties (including the learning algorithm’s dy-
namics) of specific classes of models? What are the properties of the rep-
resentation of the data computed in an architecture before the final predic-
tion?

Examples of recent research progress include: zero training loss can be achieved
without significantly negatively impacting generalization in highly over parametrized
networks [33]. Two layer network architectures are being extensively studied [1]
[11] [8] [3] . For example, a condition on a Relu-based kernel on the data has been
identified and shown to imply convergence of gradient descent to zero training error
if the network has enough hidden neurons[11]. Other properties of the kernel char-
acterize the number of iterations needed to achieve a target accuracy [1]. The kernel
together with the data labels can predict test accuracy [1]. The behavior of trained
infinite width networks with randomly initialized parameters has been character-
ized by another kernel - the Neural Tangent Kernel [18] [2]. Positive homogeneity
and parallel architectures exploiting adaptation of network architecture to data have
been shown to improve optimization [16] [6]. In addition: loss landscapes for the
standard loss function have been proved to be very high-dimensional submanifolds
of the parameter space [9]; for two-layer autoencoder networks, the Frobenius norm
loss landscape, which can be analyzed using Morse theory, reduces the symmetry
group to the orthogonal transformations and results in critical points where the en-
coder and decoder are transposes of each other [20].

The focus of this paper is the definition, geometric explanation and mathematical
analysis of a different very simple two layer architecture for a real-valued function
which we call a GVP neural net function(Generic Vector Projection). The model’s
simplicity make it possible to compute it by hand for small examples, even though it
is quite general and the simplicity of the model’s geometry makes its easier to prove
and understand its properties. Unlike the cited research on two-layer networks, no
statistical assumptions are made on the data distribution, making it easier to reason
geometrically in terms of the data. For this simple model a number of the research
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questions can be answered. Additionally, analysis revealed that the model exploits
principles that recent theoretical research has been shown to be effective: adap-
tation of the architecture to the data, positive homogeneity, parallel architectures,
unbounded width, zero training error, and data dependent kernels.

1.1 Paper Overview

Section 2 defines the basic model for deep neural nets and poses two questions about
the representation computed by the first layers of the model. Section 3 focuses on
depth one neural networks, proving necessary conditions for functions represented
by them and then using the conditions to give a simple geometric proof that the xor
function cannot be represented using a depth one neural network. The section also
defines the Generic Vector Projection (GVP) representation of a data set, proves
properties, and deduces as a corollary that a one-layer neural network function de-
fined on such a representation can exactly interpolate a function defined on a data
set (zero training error). This is applied to compute a two layer GVP model for the
xor function. Section 4 first computes the gradient descent formula for one-layer
networks and proves a lower bound on the loss outside the positive affine cone deter-
mined by the data. Next gradient descent for a GVP representation of data is proved
to converge to a solution of a GVP model if the initialization is in the positive affine
cone determined by the representation. Section 5 defines empirical and theoretical
generalizability, proves that empirical generalization error is minimized on the unit
sphere (the closure of the parameter space of GVP functions) , and proves that the
empirical generalization error is geodesically convex on the closure of the compo-
nents of parameter space for GVP functions. This section also defines a multi-scale
non-parametric representation of measures, call the product formula representation,
and proposes applications to compare and summarize different training, testing and
execution data sets and generalization error functions for different training and test-
ing data sets. Section 6 reprises the GVP Model. Section 7 summarizes the paper
and propose a number of experimental and research directions. The reader may find
it helpful to first read the paper introduction and the reprise of the model in section
6 before reading the rest of the paper.

2 The Model

The simplest deep learning models for functions are compositions of affine transfor-
mations followed by simple functions on the matrix entries. The depth of the model
is the number of such compositions in the model. Such a function Y : Rn+1→Rm is
defined by

Y (X) = f ◦HL ◦ f ◦HL−1 ◦ ...◦ f ◦H1(X) (1)
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where the H i are affine transformations and f : R→ R is a simple function applied
to each matrix entry. The superscript i denotes the level in the composition. The
activation functions f are assumed to be differentiable except at a finite number of
points. The most common f is the ReLu function defined by

f (x) = 0 if x < 0 (2)
f (x) = x if x >= 0 (3)

Remark 1. Throughout we will assume that the activation function f is the ReLu
function.

Each affine transformation H :Rn+1→Rm+1 can be represented by a matrix with
m+1 rows and n+1 columns operating on the n+1 affine coordinates for a point
x ∈ Rn (coordinate for x followed by a 1).

H =

[
W B
0 1

]
(4)

Here W is an m× n matrix referred to as the weight matrix, B is an m× 1 matrix
referred to as the bias matrix, 0 denotes a 1× n matrix, and 1 denotes a number
(i.e. a 1x1 matrix). H computes affine coordinates. In this simple model there are no
constraints among the matrix entries defining the affine transformations.

By the Universal Approximation Theorems [21] [17] [10] [15] (Section 6.4.1)
[14] large classes of functions, including continuous and Borel functions functions
can be approximated to arbitrarily small precision by functions in this class. Thus
essentially all random variables can be approximated – a much bigger class than is
typically exploited in statistics.

Given a data set, i.e. a finite set D ⊂ Rn, and values of a non-negative func-
tion Ȳ on D, the challenge is to find a model function Y which minimizes a given
real-valued, differentiable loss function L(Y,Ȳ ) on a training data set Dtr ⊂ D. The
standard L2 loss function is ||Y − Ȳ ||2. The models are restricted to a particular ar-
chitecture: the number of levels, a specification of the dimensions of the domain and
range spaces of the intermediate affine functions and the pointwise activation func-
tion. This restricts the number of variables entries defining the affine transformations
to be a particular (large) finite number. A minimizer is typically heuristically found
by gradient descent (or stochastic gradient descent) on the variables in the affine
transformation, beginning from some initialization (often random).

2.1 Representation Questions

We can view the the first L− 1 layers of a neural net function (formula 1) as com-
puting a representation R(D) of the data.
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Representation questions include:

• What are properties of a representation which guarantees that composition
with the last layer function will interpolate the function exactly on a train-
ing data set Dtr ⊂ D (i.e. have zero training error)?

f ◦HL(R(Dtr)) = Ȳ (Dtr) (5)

• What geometric relationship must hold between the representations of the
training and test set, R(Dtr) and R(Dte) , to guarantee that the trained model
Y is an optimal empirical generalizer on R(Dte)?

A general observation which helps address Question 2 is that the first L−1 layers
of the neural net function determine a function which is positive homogenous in the
first L− 1 affine functions. If the ith weight and bias matrices are multiplied by a
positive constant ti, the non-affine values of the representation vectors are multiplied
by their product. However, because the last layer is linear and positive homogeneous
a previous solution can be divided by the same factor. Thus it suffices to analyze the
function family of models Y on a product of L−1 spheres, one for each layer.

3 Real Depth 1 Neural Network Functions.

We begin by addressing Question 1 in the simplest case: a real-valued function
(m = 1) defined by a depth one model (L = 1), so

Y (x) = f ◦H(x̄) (6)

where x̄ denotes affine coordinates for x. The matrix W in H in equation 4 is a 1 x
n vector w and the matrix B in H is a number b. Equivalently using equation 4, the
non-affine coordinates for Y are:

Y (x) = 〈w,x〉+b if 〈w,x〉+b > 0 (7)
Y (x) = 0 if 〈w,x〉+b≤ 0 (8)

In this case, Y is determined by the projection of x onto w and b,

pro jw(x) =
< w,x >
||w||

w
||w||

(9)

Y (x) =< w, pro jw(x)>+b, if the length of the projection translated by b is positive
and zero otherwise. Thus Y is constant on hyperplanes perpendicular to w and zero
on hyperplanes in the non-positive half-space 〈w,x〉+b≤ 0.
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Given a finite data set D ⊂ Rn, Y (D) = Y (pro jw(D)). This property determines
necessary and sufficient criterion for Y to interpolate a function Ȳ : D→ R defined
on a finite data set D⊂ Rn. Given Ȳ , for d ∈ D define Ȳw : pro jw(D)→ R by

Ȳw(pro jw(d)) = Ȳ (d) (10)

Ȳw is well-defined if and only if distinct points in D project to distinct points on
the line in the direction, |pro jw(D)| = |D|, or |pro jw(D)|< |D| and Ȳ has the same
value on points with the same projection.

Lemma 1. Necessary Conditions for NN Interpolation If a depth one real-valued
neural network function Y : Rn → R defined by equation 4 interpolates a non-
negative function Ȳ : D→ R defined on a finite data set D⊂ Rn, then

1. Y (pro jw(D)) = Ȳw(pro jw(d))
2. Ȳw is well-defined
3. Ȳw is monotonically non-decreasing
4. On the subset P⊂D where Ȳ is positive Ȳw(pro jw(P)) is monotonically increas-

ing and its values are linearly interpolated on the line with direction w
||w||

Proof. The proof follows immediately from the definition of Ȳw in equation 10. ut

The last condition of the lemma is a very strong necessary condition.

3.1 Application to the xor Function

The xor function is defined on the four data points D = {(0,0),(1,1),(1,0),(0,1)}
to have values 0,0,1,1, respectively. Over the field F2 of characteristic 2, xor is just
the sum function and hence is interpolated exactly by a linear function over F2 .

The second and third necessary conditions in the lemma show that the xor cannot
be interpolated exactly by a real valued neural network function of depth 1. If a line
has positive slope (e.g. x = y), the xor values occur in the order 0, 1, 0. If a line has
negative slope ( x = -y), the xor values occur in the order 1, 0, 1. Both violating the
monotonicity condition. For the axes, the induced function on the projected points
is multi-valued so xorw is not well-defined.

3.2 Implications for representations of data

Given a representation R(D)⊂ Rp+1 of a finite data set D⊂ Rn (perhaps computed
by a neural network with large depth), and a function Ȳ : D→Rk defined on the data
set, any choice of k vectors w j ∈ Rp and numbers b j determine a a potential neural
network model. If this model is to interpolate each of the component functions of
Ȳ , there must exist vectors w j such that the functions Ȳw j for j = 1, ...k induced on
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the lines in the directions determined by w j are all monotonically non-decreasing
and increasing on the subsets of D for which the values are positive and interpolate
the function induced on the line Ȳw The representation has be in a high enough
dimension (or have a sufficiently informative set of lines) to re-order the data as
required by each component function.1 Independence of the representations of the
training data points is sufficient but the linear equation solving for the parameters
of the last layer should also be easy to solve (i.e. not require computing the inverse
of a general matrix). If the representation vectors are not independent, the standard
way of approximating the solution to the linear equation defining the last layer is to
solve the regression problem using the normal equations [15] (Section 5.1.4). These
equations in general require computing the pseudo-inverse known as the Moore
Penrose inverse [29] (pp. 457-458). See [15] (Section 5.7.2) for a discussion of
representation from the point of view of kernels.

3.3 The generic vector projection representation of data

Given a finite data set D ⊂ Rn of cardinality |D| = m, define a vector w ∈ Rn to be
generic for D if D projects onto m distinct points on the line in the direction of w.
Let λ (w) = 〈w,D〉. The set GD of vectors w generic for D is the complement of a
finite union of hyperplanes and thus is a union of a set of connected components,
each of which is a positive affine cone. Each pair of distinct points xi and x j in D
define a hyperplane Hi, j in Rn

Hxi,x j = {x :< x,xi− x j >= 0} (11)

These are the vectors for which xi and x j project onto the same vector on the line
in the direction of x. The set of vectors which are not generic for w given D is the
union of these hyperplanes.

HD = ∪xi,x j∈D,xi 6=x j Hxi,x j (12)

Thus
GD = Rn−HD (13)

1 Note that the function Ȳ determines a similarity function exp(Y (xi)−Y (x j))
2/σ) on the complete

graph whose nodes correspond to the training data points. The training data can be represented
using the values of the second eigenfunction (spectral clustering [31]). This reorders the points
so that they cluster to distinguish points with different values of Ȳ but may not be monotonic or
guarantee linear interpolation. Training the neural net extends Ȳ and hence the similarity function
to the test data, enabling the representation to be extended using the Nyström method.[5] [7]
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For w in each component of GD, the graphs of the m continuous evaluation func-
tions functions λi(w) =< w,xi >, xi ∈D do not cross, so we may assume the indices
of the data points are ordered so that λ1 < ... < λm for w in a component of GD

2.
Given a vector w∈Rn let Ww denote the matrix with m rows, each of whose rows

is the vector w.
We define the generic vector projection representation GVP of D determined by

w ∈ GD to be the one-layer neural network function

Rw(D) = f (Hw(D)) (14)

where Hw is the affine linear transformation defined by the m+1 by n+1 matrix

Hw =

[
Ww −λ (w)
0 1

]
(15)

The last row of Hw has n zeros followed by a one. Let Rw = f ◦Hw. We define the
generic vector projection representation of D , GV Pw(D) to be:

Rw(D) = f (HwD) (16)

where f = Relu. Rw(D) is an affine coordinate representation of D in Rm+1, so there
are enough dimensions for the representations of the m points to be independent.
The application of Relu forces the coordinates of the representation to be zero or
positive.

Lemma 2. GVP representation lemma
Assume w is a generic vector for the data set D and |D| = m. Let λi =< w,xi >,
xi ∈ D, where D is ordered so that the λi’s are (strictly) increasing. Let x̄i ∈ Rn+1

denote affine coordinates for xi.

1. Rw(x̄ j)i = f (λ j−λi) for i = 1, ..., m
2. Rw(x̄ j)m+1 = 1
3. The first m rows of Rw(D) form an upper triangular matrix with zeros on and

below the diagonal. The above diagonal entries ( j > i) are positive R(x̄ j)i =
λ j−λi.

4. The vector representations Rw(x̄ j) of the m data points in D are m independent
vectors in Rm+1 (in affine coordinates). The mth unit vector em is orthogonal to
all of the representation vectors Rw(x̄ j), j = 1, ...,m.

5. Let X denote the matrix whose first m columns are R(D) and whose last column
is em. For y ∈ Rm+1, the equation y = cX has a unique solution

6. The unique solution to y = cX is cm+1 = y1, cm = ym+1 and

y j− y j−1

λ j−λ j−1
= c1 + ....+ c j−1 for j = 2, ...,m (17)

2 The permutations generated by pairs of component orders form a subgroup of the permutations
on m elements. This subgroup provides an abstract summary of the training data which indicates
how many more dimensions are needed to represent a general function
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7. The representation is positive homogenous in w: for t > 0,Rtw = tRw of degree
1. The unique solution is positive homogeneous of degree 0.

Proof. The first statement is implied by Rw(x̄ j)i = f (< w,x j > −λi) = f (λ j−λi)
for i = 1, ..., m. The second statement is implied by the fact that Hw maps affine co-
ordinates to affine coordinates. The third and fourth statements follow immediately
from the first two. The fifth statement is true because the rows of X are independent.
The equation in the sixth statement can be explicitly checked. Positive homogenity
follows from linearity of the inner product functional:< tw,x >= t < w,x >. ut

Corollary 1. Neural Net Interpolation Assume Ȳ : D→ Rk is a non-negative func-
tion on a finite data set D⊂ Rn of cardinality |D|= m

1. For any vector w∈Rn, generic for D, there exists a one-layer neural net function
Y : Rm+1→ Rk, Y = f ◦ c, such that Y ◦Rw interpolates Ȳ on D.

2. For any vector w such that Ȳw is well-defined, there exists a one-layer neural net
function Y : R|pro jw(D)|+1→ Rk, Yw = f ◦ c such that Yw = Y ◦Rw interpolates Ȳ
on D.

3. Yw depends only on the direction of w: for t > 0, Ytw = Yw, i.e. is homogenous of
degree 0.

Proof. We may assume D is ordered so that the components of λ = 〈w,D〉 =
(λ1, ...,λm) are strictly increasing. We first prove the corollary for k = 1, Denote
the values of Ȳ on D by y = (y1, ...,ym). Part five of the lemma shows that the equa-
tion y = cX has a unique solution. Since y ≥ 0, y = f (cX) 3. If k > 1, compute the
solution for each component. For the second claim, if |pro jw(D)|<m several points
in D project to the same value on w and since Ȳw is well-defined the Ȳ has the same
value on these so we can de-duplicate the set D to eliminate the extra points and
solve it as before. The interpolation depends only on the projection onto w so the
neural net function interpolates the omitted points correctly. The last claim is true
because equation 17 together with the Neural Net Interpolation Corollary 1 imply
Ytw = Yw. ut

3.4 GVP representation with separation bias

A slight generalization of a generic vector projection representation Rw = f ◦Hw
defined in equations 15 and 16 is obtained by using a less rigid definition of the bias
parameters λ in Hw. Instead of requiring λ = 〈D,w〉, instead let λ be any values
which separate the ordered projections of the m points of D in the sense that

3 Viewing the interpolating function y as a function on the line with direction w and coordinate λ

in the original data space Rn, we see that it is piecewise linear. By part six of the lemma the pair-
wise slopes of the piecewise linear function joining successive pairs of points (λ1,y1), ...,(λm,ym).
determine the first m−1 values of c.
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λi ≤ 〈xi,w〉 ≤ λi+1 f or 1≤ i≤ m−1 (18)

Denote this matrix by Hw,λD,sep and the representation function by Rw,λDsep
=

f ◦Hw,λ . The matrix for Rw,λDsep
remains upper triangular but the ith diagonal entry

is positive, not zero, if λi < xi, so the representation of the data points xi remain inde-
pendent. This effectively determines a translation of the yi values, slightly changing
the explicit formulas in the GVP Representation Lemma 2.

3.5 A Two-Layer Neural Network Interpolating xor

Previously we proved that no one-layer neural network function interpolates the xor
function. Recall the xor function is defined in the data set D= {(0,0),(1,0),(0,1),(1,1)}
and its values of xor are (0,1,1,0),respectively. We will explicitly construct one of
the two-layer neural network functions interpolating xor guaranteed by the corol-
lary. We will use the vector w = (1,1) because it is geometrically the most natural
choice. 〈D,w〉= {0,1,1,2}. The second and third points of D project onto the same
point of the line determined by W, and xor has the same value on both of these
points so the induced function Ȳw is well-defined. Part 2 of the corollary applies.
We will only need to use one of two points to define the neural network function.
Thus we will now assume D = {(0,0),(1,0),(1,1)}, so m = |D| = 3 and n = 2.
Then < D,W >= (λ1,λ2,λ3) = (0,1,2) and xor(D) = (y1,y2,y3) = (0,1,0). The
first layer function is defined by the m+1 = 4 by n+1 = 3 matrix

Hw =


1 1 0
1 1 −1
1 1 −2
0 0 1

 (19)

The affine representation of the data points is

D =

0 1 1
0 0 1
1 1 1

 (20)

So

HwD =


0 1 2
−1 0 1
−2 −1 0
1 1 1

 (21)

showing the (i, j)th entry is λ j−λi and
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Rw(D) = f (HwD) =


0 1 2
0 0 1
0 0 0
1 1 1

 (22)

showing the representation Rw(D) is an upper triangular matrix with zeros on and
below the diagonal of the 3× 3 matrix formed by the first three rows because the
λ ’s are increasing.

The second layer function is defined by the 1 by m+1 = 4 matrix

Y = [c1,c2,c3,c4] =
[
[1,−2,?,0]

]
(23)

showing c4 = y1 and

y j− y j−1

λ j−λ j−1
= c1 + ...+ c j−1 for j = 2,3 (24)

There are no conditions on c3 and none are needed because the mth (i.e.third) row of
Rw(D) is all zeros. Multiplying and evaluating gives Y (Rw(D)) = xor(D) = [0,1,0].
showing the 2 layer neural network function Y interpolates xor.

A second layer function Y = (1,−2,0,0)] can also be validated geometrically.
The first layer function maps the four xor data points in R2 to the three points in
R3 shown in equation 22. The line in R3 through the origin with positive direction
(1,−2,0) is perpendicular to the (2,1,0)− (0,0,0) the vector in R3 joining the
images of the two original points in R2with xor value 0 so their projections on the
line are equal and the value of the inner products is 0.The projection of the images
of xor points with value 1 is 1(when the line is parametrized as multiples of the the
vector (1,−2,0). Hence the values of the projections equal the values of the xor
function on the images of the xor points. Thus even though there was no line in
R2 with respect to which the xor function was monotonic after projection, we have
constructed a two-layer neural network which maps the four xor points (with two
distinct values) to two distinct points in R3 whose xor values equal the values of the
inner product with the vector determining the direction and parametrization of the
line.

4 Gradient Descent for One Layer Networks

Given a non-negative real-valued function defined on a finite data set and a one-layer
neural network function, we define the loss function and prove a useful formula for
the gradient of the loss function. We also prove that gradient descent must eventu-
ally enter the positive affine cone determined by the data points in order for the loss
function to reach zero. Let x̄k ∈ Rn+1, k = 1, ...,m denote the positive affine coordi-
nates for the points in D The positive affine cone A⊂ Rn+1 determined by the data
set D⊂ Rn is defined as
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A = {h ∈ Rn+1 : 〈h, x̄k〉> 0 : k = 1, ...,m} (25)

Lemma 3. Gradient Formula and Loss Bound
Given a one-layer neural network function Y :Rn+1→R, Y = f ◦h , h=(h1, ....,hn+1),
and a non-negative real-valued function Ȳ defined on a finite subset D ⊂ Rn with
affine coordinate representations x̄1, ...., x̄m, m≤ n

1. The gradient ∇L

∇L = (
∂L
∂h1

, .....,
∂L

∂hn+1
) (26)

of the standard loss function L

L =
m

∑
k=1

(Y (x̄k)− Ȳ (x̄k))
2 f or xk = x1, ....,xm ∈ D (27)

is defined if none of the inner products < h, x̄k > are zero.

∇L = 2 ∑
k:〈h,x̄k〉>0

(〈h, x̄k〉− Ȳ (x̄k)) · x̄k (28)

If h /∈ A, the closure of the positive affine cone A,

L(h)≥ ∑
k:<h,xk><0

Ȳ (x̄k)
2 (29)

2. Gradient descent will converge to a function with zero loss only if it eventually
moves through h ∈ A.

Proof. The definition of Relu, equation 2, implies

L = ∑
〈h,x̄k〉>0

( f (〈h, x̄k〉)− Ȳ (x̄k))
2 + ∑
〈h,x̄k〉≤0

Ȳ (x̄k)
2 (30)

which implies the bound on the loss function in part two of the lemma. This also
implies that the loss can go to zero only if the gradient descent moves through
affine transformations h∈ A. For part one of the lemma: computation of the gradient
exploits the chain and product rule.

∇L =
m

∑
k=1

∇((Y (x̄k)− Ȳ (x̄k))
2) (31)

∇(Y (x̄k)− Ȳ (x̄k))
2 = 2 · (Y (x̄k)− Ȳ (x̄k)) ·∇(Y (x̄k)− Ȳ (x̄k)) (32)

∇(Y (x̄k)− Ȳ (x̄k))
2 = 2 · (Y (x̄k)− Ȳ (x̄k)) ·∇(Y (x̄k) (33)

Next
∇Y (x̄k) = f ′(〈h, x̄k〉) ·∇(〈h, x̄k〉) (34)

Since
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∂ 〈h, x̄k〉
∂h j

= e j · x̄k (35)

where e j is the unit vector for the jth coordinate

∇Y (x̄k) = f ′(〈h, x̄k〉) · x̄k (36)

We are assuming that f = Relu so

f ′(x) = 0 f or x < 0 (37)
f ′(x) = 1 f or x > 0 (38)
f ′(0) = unde f ined (39)

Substituting into equations31 and 33

∇L = 2
m

∑
k=1

(Y (x̄k)− Ȳ (x̄k)) f ′(〈h, x̄k〉) · x̄k (40)

Since Y = f ◦h (6 ) ,

∇L = 2
m

∑
k=1

( f (〈h, x̄k〉)− Ȳ (x̄k)) f ′(〈h, x̄k〉) · x̄k (41)

If none of the inner products are zero, 〈h, x̄k〉 6= 0 for all k = 1, ....,m, the gradient is
defined and, applying equations 2 and 39, equal to

∇L = 2 ∑
〈h,x̄k〉>0

(〈h, x̄k〉− Ȳ (x̄k)) · x̄k (42)

ut

Corollary 2. Gradient Descent Operator
Let A denote the affine cone A = {x̄ : ∩1≤k≤m〈x̄, x̄k〉 > 0} and let ∂A denote its
boundary.

1. If there exists a non-negative vector c ∈ Rn+1, such that Ȳ (x̄k) = 〈c, x̄k〉, k =
1, ....,m, then c ∈ A∪∂A and the loss gradient formula for h 6∈ ∂A is

∇L(h) = 2 ∑
1≤k≤m:〈h,x̄k〉>0

(〈h− c, x̄k〉 · x̄k (43)

The gradient of the loss is undefined on the boundary of the affine cone.
2. Let

Mh = ∑
1≤k≤m:〈h,x̄k〉>0

(x̄kx̄T
k ) (44)

then for h 6∈ ∂A
∇L(h) = 2Mh(h− c) (45)
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3. Mh is symmetric. If the xi are non-negative, Mh has non-negative entries and
non-negative eigenvalues. If the xi are computed by a neural net function, they
are non-negative. If xi i = 1, ...,m are independent, Mh has rank m.

4. Let V denote the subspace spanned by the vectors x̄k, k = 1, ...,m with orthogonal
complement V⊥, Assume h 6∈ ∂A. If h ∈V⊥, ∇L(h) = 0. If h ∈V , ∇L(h) ∈V .

5. Let GD(h,ε, i), i = 1, ..... denote the result of iterating gradient descent for the
loss function L = ∑

m
i=1(Y (x̄i)− Ȳ (x̄i))

2, beginning at h 6∈ ∂A, using positive pa-
rameter ε < 1, i times.

GD(h,ε,1)− c = (I−2εMh)(h− c) (46)

6. Let αmax and αmin denote the maximum and minimum eigenvalues of Mh, respec-
tively. For ε > 0 in the range 1/4 < 2εαmax < 1/2 and h 6∈ ∂A

GD(h,ε,1)− c‖< (1−2εαmin)‖h− c‖< (1− αmin

4αmax
)‖h− c‖ (47)

7. If Mh is positive definite (αmin > 0) on V and h ∈ A

GD(h,ε, i)− c = (I−2εMh)
i(h− c) (48)

The gradient descent converges to c.

Proof. For part one c ∈ A∪ ∂A because Ȳ ≥ 0. The formula 43 follows from the
lemma by substitution. For part two, viewing the x̄k as column vectors, each term
can be rewritten as

〈h− c, x̄k〉 · x̄k = x̄k · 〈x̄k,h− c〉= (x̄kx̄T
k )(h− c) (49)

so summing gives formula 45. Part three follows by from the formula for Mh, the
fact that non-negative symmetric matrices have non-negative eigenvalues and the
SVD decomposition for the matrix X whose columns are the x′is. The first statement
in part four is true because the sum in formula 43 is over the empty set. The second
statement in Part four is true because for any vector v⊥ ∈V⊥ , 〈v⊥,xk〉= 0 , implying
〈v⊥,(x̄kx̄T

k )(h− c)〉= 0. For part five, the definition of gradient gives

GD(h,ε,1) = h− ε∇L = h−2εMh · (h− c) (50)

The vector difference between GD(h,ε,1) and c is

GD(h,ε,1)− c = (I−2εMh)(h− c) (51)

For part six, the entries of Dh are in the interval [1− 2εαmax,1− 2εαmin]. Choose
ε : 1/4 < 2εαmax < 1/2. The right hand inequality ensures that the entries of Dh are
positive. The left hand inequality implies αmin

4αmax
< 2εαmin and an upper bound on

the entries of (I− 2εDh). For part seven: Mh is symmetric, so can be diagonalized
Mh = UhDhUT

h . Hence we may assume after a change of coordinates x̄ = D1/2Ux1
that Mh is the identity matrix. Formula 46 shows that GD(h,ε,1) is on the line seg-
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ment joining c and h, so is still in the convex affine cone, and is closer to c. Hence
the result can be iterated. Gradient descent converges to c because (I−2εMh)

i con-
verges to the zero matrix. Note that Mh = UhD1/2 ∗ (UhD1/2)T so Mh is a kernel
matrix. ut

Note that part three of theorem implies that Mh for GVP representations is posi-
tive definite on the subspace spanned by the representation vectors. Hence gradient
descent converges to c for GVP neural network functions providing the initial con-
dition h is in the affine cone determined by the representation points.

5 Generalizability

5.1 Empirical Generalizability

Given a non-negative function Ȳ on a finite data set D⊂ Rn, a partition of D into a
training set and a test set D = Dtr∪Dte, a non-negative function Y : Rn→R learned
using only the training data (and not the test data), and a real-valued loss function
L defined on the parameters of the model family and Rn, Y empirically generalizes
well if the expected sample error on the test data is “small”. This error is likely to
be larger than the expected error on the training data because the model was learned
using the training data.

Defining the expected sample errors on the training data and test data, respec-
tively, by

Ete(Loss) = |Dte|−1
∑

x∈Test
Loss(Y (x),Ȳ (x)) (52)

Etr(Loss) = |Dtr|−1
∑

x∈Train
Loss(Y (x),Ȳ (x)) (53)

the empirical generalization error GEemp is formally defined by the equation

GEemp = Ete(Loss)−Etr(Loss) (54)

Overfitting is said to occur when GEemp is “too large” [15](Section 5.2).

5.2 Minimizing GVP generalization error

We will analyze the empirical generalization error for the family of two-layer GVP
neural networks functions Yw :⊂ Rn+1→ R, where w varies over the set of vectors
w∈Rn which are generic for D. Yw =Ytw for t > 0 by the Neural Network Interpola-
tion Corollary 1 , it suffices to analyze the empirical generalization error of Yu for u
in the unit sphere Sn−1 ⊂Rn, u generic for D. For each function Yu in this family the
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empirical error equals the loss on the test set, GEemp(Yu) = Ete(Loss(Yu)), because
GVP Neural Network functions interpolate Ȳ on the training set Dtr. For example,
if Dte contains only one point z, GEemp(Yu) = (Yu(z)− Ȳ (z))2. Our goal is to prove
that the empirical error is minimized for some Yu, u ∈ Sn−1 and to prove that the
minimization problem is convex. In directions u for which the empirical error of Yu
is minimized the projections of the test set are “better aligned” with the projections
of the training set.

Proving this is slightly more complicated than saying a continuous function on a
compact set achieves a minimum because the function

F(u) = Ete(Loss(Yu)) (55)

is not defined everywhere on Sn−1 . It is undefined when Yu is undefined, i.e. at
the set Disc of points u ∈ Sn−1 such that two distinct training points xi and x j with
different values of Ȳ are projected onto the same point on lines in the direction of
u. The set of discontinuities Disc is contained in the larger set GD∩Sn−1 of generic
points for D on the unit sphere. Thus F(u) is defined on Sn−1−Disc ⊃ Sn−1−GD
The latter set, in general, consists of multiple connected components Cα , The union
of the closure of the components is Sn−1, ∪Cα = Sn−1

Lemma 4 (Mininimizing GVP Generalization Error). Given a non-negative func-
tion Ȳ on a finite data set D⊂Rn with a partition of D into a training set and a test
set D = DTr∪DTe, and two layer GV P neural network functions Yu, u∈ Sn−1−Disc
: The function F(u) = Ete(Loss(Yu))

1. computes empirical generalization error
2. is a continuous function on Sn−1−Disc and hence a continuous function on each

of the connected components Cα of Sn−1−GD.
3. determines a continuous function with finite values on the closure of each of the

connected components Cα .
4. determines a possibly multi-valued function on GD (with finite values) and a

single-valued function on Sn−1−GD
5. attains a finite minimum on Sn−1.
6. is a geodesically convex function on each geodesically convex set Cα .

Proof. Consider the trivial fiber bundle Sn−1×R. For any point x ∈Rn the function
u→〈x,u〉 is continuous and hence is a continuous global section of the fiber bundle.
In particular, 〈x j,u〉 is a continuous global section for each point x j in the test set Dte
so F(u) = Ete(Loss(Yu)) is continuous on Sn−1−Disc . The sections intersect only
at points in GD ∩ Sn−1, so in each non-empty connected component of Sn−1−GD,
the set of global sections {〈x j,u〉,x j ∈Dte} do not intersect and are in a particular or-
der. In other words each non-empty connected component of Sn−1−GD determines
a total order on the set of training points. In each component, the point evaluation
functions u→ Yu(x) are continuous in u and hence continuous sections on each
component Cα of Sn−1−GD. Hence these continuous sections u→ Yu(x), u ∈ Cα

are bounded on each component and determine continuous functions u→ Yu,Cα
(x)

on the closure of each component. Note that this implies the evaluation functions
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u→ Yu(x) extend to multi-valued functions (with finite values) on Disc. In particu-
lar, for each test point x j, the evaluation functions u→Yu(x j) extend to multi-valued
functions (with finite values) on Disc. Hence the evaluation function for the empiri-
cal expected loss function 52

u−> |Dte|−1
∑

x j∈Dte

Yu(x j) (56)

extends to a multi-valued function (with finite values) on GD and is continuous on
the closure of each component Cα . Hence it achieves a minimum on Sn−1 and its
argmin set may include points of GD.

The closure of each of the connected components Cα is a geodescially convex
subset of the sphereSn−1. On each component, the evaluation function for the empir-
ical expected loss functions is convex, so the argmin set can be found by performing
gradient descent or even by solving constrained constrained normal equations on
each component and then combining the results. ut

For directions u in the argmin set of F the projections of the test set onto
u, 〈Dte,u〉, are more well-aligned with the projections of the training set onto u,
〈Dtr,u〉, in the sense that they are closer to training points with similar values. For
this family of neural network functions these projections come most accurately lin-
early interpolating nearest neighbor predictions.

5.3 Final Model and Parallel Architecture

The final model could be a model with the minimum generalization error over all
the training and test set pairs analyzed. Another approach is to notice that training
sets of size n− k obtained using a “leave out k” strategy all have the same size; a
finite set of such training samples are all interpolated on the n− k− 1 dimensional
manifold of directions in Sn−1−k which are the complement of a set of hyperplanes;
the proof of lemma 4 applies to the sum of their test errors (i.e. the sum of their
generalization error is minimized) so there is a direction umin minimizing the sum
of their generalization errors. The average of such a set of models thus interpolates
the test set and has a minimum generalization error. Averaging over “leave out k’” ,
even when k = 1 is conceptually justified by the stability theorem based on a leave
out one criterion which generalizes generalizability [26]. We also note that leave out
1 generalizabilty is the priniciple underlying differential privacy [12]. In general we
cannot use the same approach to minimize average generalization for an average of
a set of models, where test sets have varying sizes they will have zero interpolation
error only on the intersection of the test sets which may be empty.
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5.4 Theoretical Generalizability

The theoretical definition of generalization error requires knowledge of the joint
distribution for µ(Y,Ȳ ) on Rn+1. The expected generalization error is defined as the
expected value of the Loss function.

GE = Eµ(Loss(Y,Ȳ )) (57)

In the case of the standard loss function :

GE = Eµ(Y (x)− Ȳ (x))2 (58)

The theory assumes that the training set is generated by iid sampling from the joint
distribution. The model is learned from this training set (so the expected error should
be smaller on the training set). Theoretically the model generalizes if as the sample
size increases to infinity, the expected empirical generalization error converges to
the generalization error defined by equation 57 [26]. In [26] a new type of general
stability condition (‘leave out one stability’) was defined and proved to be suffi-
cient for generalization. The result did not require an explicit connection with the
properties of the joint distribution.

In practice, Ȳ is not known on the universe of the data set, the joint distribution
µ is unknown, the sample is not generated iid and sample numbers and sizes are
restricted because of unavailability of data, time, and computation effort.

5.5 Data-Determined Generalizability Measures

We propose that multiscale representations of approximations to measures could be
useful for better understanding generalizability properties can be computed from the
data set, test and training samples, and training and test errors for sets of models.
(A measure is just a positive multiple of a probability distribution). The particular
multi-scale non-parametric representation we propose is the product formula repre-
sentation [4] [13] [28]. Because the parameters of the representations are unique and
can be computed using simple formulas which do not involve optimization, the mea-
sures for data sets, samples, and models can be compared, visualized and, if desired,
averaged. Noisy variants of the representations can also be computed and analyzed.
The representation parameters will help pinpoint the localities of the differences.
As the models are used on new data sets after a testing and training process, anal-
ogous measures could be computed and compared to understand if the real world
application data is significantly different than the original testing and training data.
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5.5.1 Product Formula Representation

The product formula representation (PFR) is defined for any positive measure de-
fined on sets X with an ordered dyadic binary tree structure. Left and right subsets
L(S) and R(S) of a set S are recursively defined. The recursion may be infinite. The
measures may therefore be represented as an ordered binary tree (possibly of in-
finite depth), whose nodes correspond to left or right subsets of their parents. The
root node corresponds to the universe set X . Each measure µ on the sigma algebra
generated the these sets is uniquely described by the total measure µ(X) and a pa-
rameter at each non-leaf node S, called the product coefficient parameter aS defined
by

aS =
µ(L(S))−µ(R(S))

µ(S)
i f µ(S) 6= 0 (59)

and the convention
aS = 0 i f µ(S) = 0 (60)

By construction, −1 ≤ aS ≤ 1; it’s value is the difference between the conditional
distributions of the measures of the left and right subsets given the measures of the
parent. It this difference is large, i.e. close to 1 or −1 it indicates a locality where
the concentration of the measure change a lot. For each dyadic set S, represented
as a node at distance n from the root node of the tree X , the unique path to S from
the X through nodes Si i = 1...n can be described as a sequence of ±1 values dirSi

, with −1 indicating that Si is left child and 1 indicating that Si is a right child. The
product formula for the measure of the set S is

µ(S) =
µ(X)

2n

n

∏
i=1

(1+dirSiaSi) (61)

The theory applies if the the measures of the dyadic sets are non-negative and the
total measure of the set X is positive. This formula converges in the infinite case [4]
(Lemma 2.1). This can be viewed as a normalized formalization of the chain rule for
probability measures on sets X with a binary tree structure. The paper [4] (Section
2.5) describes a number of examples, including applications of this representation to
real world data and visualization of the resulting parameters. In applications to real
world data, the measure parameters are computed only for a tree of a fairly small
depth. The paper [4] proves a product formula convergence lemma, a visualization
theorem, and a noise model theorem.

A natural application is representation of measures on the unit interval with the
usual binary tree structure on dyadic intervals. Another natural application is mea-
sures on sets X with an ordered collection of subsets Si (e.g. real numbers with n
digits whose ith binary digit is 0). Then a set S at distance n from the root of the
tree is the intersection of sets Si or the complement X − Si depending on whether
the path direction is left or right. Here we can exploit both types of applications.
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5.5.2 Proposals for GVP Understanding using PFR’s

The GVP generalization error for a family Yu is a function on Sn−1. It is a positive
function since it equals the sample average of the loss on the test set. Using spher-
ical coordinates, the sphere can be represented as a product of n−2 finite intervals
[0,π] and a finite interval [0,2π]. A binary tree could be constructed by ordering
the coordinates and successively dividing the different coordinate directions in half
repeatedly. The GVP generalization error could be computed for a sample of di-
rections u ∈ Sn−1 and the average of the values could be computed for each of the
dyadic sets at the finest scale. The product coefficient parameters can be computed
bottom up from the histograms determined by the averages at the finest scale. Ex-
periments with the method could be conducted using small values of n. For larger
values of n, only a few scales would need to be initially computed. The results prod-
uct coefficients and visualizations could be compared for different families of Yu
determined by the same data set, using different training and test sets. They could
also be compared for different data sets.

The model Yu and Ȳu could be compared on the training set Dtr by restricting them
to a finite interval I on the line containing the points at which Ȳu is defined. There
are two alternative methods for defining a binary tree structure on the interval. First,
a dyadic decomposition of this interval into (2−s) equal subintervals for s = 1, ...,k
determines a binary tree structure. A measure for Yu is defined by integrating Yu on
each subinterval and viewing the measure of the whole interval as one. A measure
approximating Ȳu can be defined by averaging the values of Ȳu in each subinterval.
The product coefficients for each can be compared numerically and visually. Since
the values of the product coefficients are constrained to be in the interval [−1,1],
many visualization methods can be used. A simple one is a daywheel as shown in
REF. These two measures can be compared with the measure for Ȳu determined by
the test set Dte or the whole set D. The measures for multiple directions u could
be compared as could the measures for multiple divisions of D into training and
test subsets. The measures could also be averaged. Counting measures can also be
computed for the training set, the test set and the entire data set. The counting mea-
sure for new data sets to which the model is applied could be computed on a going
forward basis and compared with the measures used to construct and test the model.

An alternative method for defining a binary tree structure on the interval I =
[λ0,λm+1] ⊂ tu is to use the separation parameters defined in Lemma 2 to define
disjoint m+1 ordered subsets of I by

S1 = {tw : t < λ1} (62)
f or i = 2, ..,m : : Si = {tw : λi−1 ≤ t < λi} (63)

Sm+1 = {tw : λm ≤ t} (64)

a set S at distance 1≤ n≤ m+1 from the root of the binary tree is the intersection
of sets Si or the complement X − Si , i = 1, ...,n depending on whether the path
direction is left or right.
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Lemma 5. For this binary tree structure, the product coefficient for the ith set on
rightmost path, i = 1, ...,m, is

aR
i =

µ(Si+1)−∑k=i+2,..,m+1 µ(Sk)

∑k=i+1,...,m+1 µ(Sk)
(65)

All of the other product coefficients are zero or −1. If the measures of all of the sets
Si are positive, the product coefficients are independent of the measure.

Proof. The sets corresponding to the nodes on the rightmost path R in the binary
tree are: I− S1, (I− S1)∩ (I− S2), ...., ∩i=1...,m+1(I− Si). Thus the ith set on the
right most path is ∪ j=i+1,...,m+1S j. The last set corresponding to the last node on the
rightmost path is therefore empty. The product coefficient for the ith set on this path,
i = 1, ...,m, is

aR
i =

µ(Si+1)−∑k=i+2,..,m+1 µ(Sk)

∑k=i+1,...,m+1 µ(Sk)
(66)

Product coefficients are not computed for leaf sets (at level m+ 1). Since the sets
are ordered and disjoint, the other node sets are either empty or equal to Si. If a node
set equals Si, all it descendants on the right most path emanating from the node are
equal to Si and all other descendants are empty. Thus the other product coefficients
are either 0 or -1. If µ(Si) > 0 product coefficients for all of its descendants on
the right most path emanating from a node set equaling Si are −1 regardless of the
measure; otherwise they are 0.

6 Reprise of the GVP Model and its Properties

The reprise of the model is as follows: The first layer of a GVP neural net function
is determined by the data set and consists of set of projections onto a line generic for
the training data set translated by the bias determined by the projections of the train-
ing data, followed by composition with the Relu function which zeros out negative
values. This first layer computes a linearly independent representation of the training
data, which due to the Relu function, is easily an invertible upper triangular matrix
enabling to explicit computation of the weights and bias defining the second layer.
Because the representation computed by the first layer for the training set consist
of independent vectors, it determines a data dependent positive definite kernel. We
prove that gradient descent for the standard loss function also converges to an ex-
act solution when the gradient descent is initialized to be in the positive affine cone
determined by by representation of the data set. If the initialization is the orthogo-
nal complement of the representation, no descent will occur because the gradient at
this intialization is 0. GVP neural nets exactly interpolate the training data (i.e. have
zero training error); they are homogeneous of degree 0. Hence GVP neural nets are
parameterized by the n−1 dimensional submanifold of unit vectors on the sphere in
the n dimensional training data space which are in the complement of a finite set of
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hyperplanes where two training data points project to the same point. In each each
component of the model parameter sub-manifold, the projections of the training
data are ordered in a particular way. In other words, we can completely characterize
the manifold of parameters for optimal models with zero training error. We prove
that the test error function extends to a possibly multi-valued function on the sphere
Sn−1 that achieves a global minimum, and is a geodesically convex function. Hence
the variation of the empirical generalization error on the optimal parameter sub-
manifold can be understood and parameters minimizing the generalization error can
be computed. Geometrically, the minimum of the empirical generalization error for
this particular training and test data set occurs for generic directions for which the
projection of the training set is optimal with respect to the projection of the test set
for a nearest neighbor interpolation prediction. The empirical generalization error
can be minimized for the average model of a set of “leave out k” samples. Multi-
scale non parametric representations of the generalization error measures resulting
from this statistical learning process can be computed to summarize them. The same
technique can be used to compute representations of the training and test sets and
used later to compare real world data sets with the original training and test data.

7 Summary and Research Directions

We defined a simple data dependent geometrically interpretable two-layer archi-
tecture for real-valued functions which result in a large set of models which exactly
interpolate a given training set and proved that the Relu function ensures that param-
eters for the second layer can easily be computed explicitly. The set of interpolation
models for a single sample is parameterized by a submanifold of the sphere in the
data space which is the complement of a finite set of hyperplanes determined by
the data. The empirical generalization error function is geodesically convex on the
sphere in the data space so in principle the parameters of the models minimizing
generalization error can be computed. Analysis revealed that the models exploits
principles that recent theoretical research has been shown to be effective: adap-
tation of the architecture to the data, positive homogeneity, parallel architectures,
unbounded width, zero training error, and data dependent kernels. Powerful deep
learning techniques including stochastic gradient descent, regularization and convo-
lution are not utilized in this simple model. The hope is that this paper will motivate
definition of other geometric models accompanied by proofs, which will both sim-
ply demonstrate some of the principles powering the new advances in deep learning
research using relatively small data sets and the subtleties and strengths of more
complex deep learning models and algorithms .

While the original goal was increased understanding, it also seems the model
merits more research and may apply more generally. Experiments should be con-
ducted using the model and the results should be visualized. The methods for empir-
ical generalization analysis need to be detailed and connections with total variation
minimization and nearest neighbor interpolation explored. t may be possible that
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generalization analysis can exploit the random linear projection algorithm for near-
est neighbors [22].Gradient descent for the more general two layer model, which
doesn’t restrict the weights to be the specific functions of the data used in this paper,
should be analyzed to see if the weights converge to the functions of data used in
the GVP model. Fortunately, it seems that experimental research and applications
using the GVP model can be conducted using small data sets and straightforward
algorithms.
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